Finite Elements Methods

for Wave Equati
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Galerkin Method - Grids

Consistent discrete schemes for
eUnstructured grids

«Adaptive grid refinement
*Higher order approximation

eSpacetime grid
L_ocal time-stepping




scalar, linear wave equation



Finite Differences In spacetime

aﬂ_ u = Au

Ui—1,5 — 2“--5..;;' T Uit1,j Ui j—1 — 2“--3’--;;' + Ui 41 — 0
2 o 2 —
h{ hi

w1 = 2u; — w1 + (ho)*Apu;  leap-frog time stepping

A t
t i+1
ti ‘
ti-l

CFL condition hg/h, < 1




Galerkin Method — 1D

—u''=f, u(@=u(@ =0 Strong formulation, Finite Differences
> Ui +2U; —Uiy f
h? !
1 1
J-U"V'dx :J- f-vdx WweH;(01) weak formulation
0 0

1

1 1
alédéd.'dx=1|f -6.dx Vi Galerkin scheme
Z '£¢' ’ ! 7 . Finite Element Method

e.g. piecewise linear ¢ T /\

Pseudo-Spectral (Galerkin/ p) Method

e.g. polynomial ¢



FEM semidiscrete in space

aﬁ_ii — Aii‘.
o A3 R P X B S
[o(Opu)w d®r = — [(Vu) - (Vw)d’z Yu
piecewise linear ¢ in space, continuous T /\

(2

2

,?.1
Muyy = —Au ~ FD scheme in space

solve system M
->choose numerical quadrature such that M is diagonal



DG semidiscrete In time

0,0 = Au

Dyt = v

— [pv(Quw)dt = [ (Au)wdt Yw
—fT (Qyw)dt = IT Uu*({f Yoo

piecewise constant ¢ in time, discontinuous T
|

|

}3“ [ 1 l] =Euler scheme in time

A=

Av = A/

Au = o



FEM in space, DG In time

0,0 = Au

Dyt = v

L[lg} ()f“T ([1‘ ([% — IQXT VUT)“’T “’%f \?/UT
_ L[;,} w(Opw)dt Pz = fssz VW dt d*r Yw .

piecewise linear ¢ in space, continuous

piecewise constant ¢ in time, discontinuous



Interior penalty DG semidiscrete in space

Opu = Au

g = ((ulglement,) + (u"{%l(??lllelltj))/ 2

u] := (ulelement,) — (““elenlentj)

piecewise linear ¢ in space, discontinuous | //

[o(Onu)wd?z =3, fplpmpnt (Vu) - (Vw)d>z
— D i< Jod lge,. {n” Vu}|w]d?x
symmetric/

unsymmetric IPDG @ZHJ f{:,( gP [ul{n" - Vuw }OL. :
+2ic; ed gP e Jod lge,. [u)[w]d?z Yw

Penalty parameters c



Interior penalty DG semidiscrete in space (2)

piecewise linear ¢ in space, discontinuous
(1 —2q)(1 — 2)

;I'l(l - JI'Q)
(J_ — ;1'1);1'2
19
A ::
M = / Qipida S
O (X
o0

Muyy = —Au

X
-

M block-diagonal
Solve system M
->choose ¢ such that M is diagonal



Space-time Galerkin schemes



New: FEM In spacetime
[our(O)(Opw)dt &z = [, (Vu) - (Vw)dt d*z Yw

piecewise linear ¢ in spacetime, continuous

(2

A= /(Vf’i) - (Vo,)de = i[—l 2 — 1]
Q2

}?.1
Cohg |
J[ — ?4_1 “"i—l—l — :\[ +

2h? h?
‘?DA w, — | M — i—l ;1
3 §
Solve system




Spacetime as Petrov-Galerkin FEM

scalar wave equation -Qu=0
U(t = 0) =U,, U, (t=0) =U,
Petrov-Galerkin: a(u,v) = _[M (—u.V, + Vu-Vv)dx = 0Vv

ansatz u & test v differ
V(t:0)=0, V(t:tende)zo

bi-linear ansatz function u bi-linear test function v

Vi 00000 I
t i+1 t i+1
t MO OO0 0
G tig

X X

time stepping



New: Interior penalty DG In spacetime

2. fPlPlllPllt 1™ (O “)(agu‘)r{i '
_Z"*{J’ fP( lge,, {flaa 330 ii}[u*]dg

_ij Jod gP [u){n*"n dsw}d*x
+ 2 i< T P 1 N”N fp( lge,. u][w]d*r = 0 Yuw

piecewise linear ¢ in spacetlme, discontinuous

t. o0
t I+1 o0

t. o000(00

[ o0 0000

t. o0

I-1 0




New: Interior penalty DG In spacetime(2)

(l — .'_I'.'[])(l — .'_I'.'l)
.'_I'.’[}(l — .'_;!'.’1)

(J_ — .'_I'.‘[]).'_Il‘l

Lo

4'_101_1 — 446.1 —

4'_1010 — —

Ajgtizr; = Ao—1uij—1 + Aot + Aot jr1 — A-1ottizy

Solve block-diagonal system
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T lo1o o2
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Space-time meshes



Well posed discrete system

oW}
>

wSian mesh:

—~ # ansatz functions
= # test functions

/%@@@/ f\unstructured mesh:
INONONINONS o

—— # ansatz functions

= WAYAYAVAVAV SR = # test functions



CFL condition/ stability
for unstructured meshes?

.
i Cartesian mesh: At < C AX

space

oW}
>

-~ >

Simplex: one time edge
d space edges

or. no time edge

/\ d+1 space edges
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Explicit scheme
for unstructured meshes?

1314 15 16 :
o b . Cartesian mesh:
J 4 Ll .L42 . . .
= 3 nodes in ascending time order
M A time slice by time slice
- Uniform triangular grid:
node by node
2
3 Simplex:

node at begin of time edge first




Local time-stepping
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No time edge
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Refined spacetime meshes

M |

grid

% 21 9p 23 24 25 26 27

time

Interpolation/ —

hanging node space

CLF with local space-time refinement
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Einstein‘s equations



/ dgoo Yo1 YGo2 Yos \
(Gos) = gor 911 912 g13 metric
| go2 gi12 g22 g3

\ goz g1z g23 (33 /

[ goo go1 go2 Go3
t};3) dgor 4di11 912 413
dgo2 gi12 g2 g3
\ gos g1z g23 g33 / ]
— % (039v0 + 04985 — Osgp) connection

o,
By

R, = 0,1, =010, + FMF“ — TP

1% VCx LV e v 3

R = g*R,, curvature

(g

R — ;ﬁ R—0 Einstein equation



Analogy: Maxwell equation

(A,) =

0%(DaAs — 0544) =0
YA, = 0

A, =0

dA = (Fa_f.."f) —

/ 0
E
E,

\ Es

Vector potential

Il posed Cauchy problem

Lorenz gauge condition

.y
0
— DBs
By

Maxwell equation in Lorenz gauge

—FE> —FE3
Bs —DBs
() By
-B, 0 )



find metric g, such that:

R, =0 _

" il posed Cauchy problem
1“.(1‘ — gﬂf}'r;‘tg
I —( harmonic gauge condition

. 1 I | |
R _.t(f;f) =R pv 5.(](:1;1»* 0_11- [ — 5.(,](11;;.;- av r
~59" 02059 principal part

RM =0 in harmonic gauge:

symmetric hyperbolic
strong formulation



weak formulation

S = / Ry\/—qgd*x Einstein-Hilbert action
M

M |

-

Jap € Vo such that 0.5 = 0] Vogh” weak formulation
2nd derivatives



1
/M(B,ui‘/ — S Y9uv )( HY )V d_ll — ()

2
1 o
alg,v) = 3 / 9"\ =9 (D09 (050" )d*a: principal part

q(g =3 fvr g" agpg v ( (dﬂ'gmt)(dﬁgw) — (aagp,u-)(aag,ﬁv)
+ (Oa gp,u) (ng 35 + ():t.tgafp) (8-'3901;)

_% (O,ugap Orfg Go ) vH” OHE
. . weak
g € V, such thatia(g,v) + q(g. 12 = 0Vv eV tormulation
and I'* = 0F. 1st derivatives

1 / IR TV
M



1 Minkowski metric,

Nap = :
\ L | flat background
O — .-*]U“j)
] =0%0,
hﬁp - .g,u.v o %I ]n3 (Jnﬁ
~30hu =0 linearized equation

Ph,, =0

1
alh,v) = 5[ 0™ (Ol ) (050" )d 2

seek h € V,, such thatl a(h,v) = 0[Vv € V,
d"hy,,, =0



nonlinear space-time FEM

1

a(g,v) = 2/ g ‘v g (0a gp:w 031"{”})({4

9 l =3 f v g 5’ng vV (00- Qp,u-) (0,:3 YJov (0& gﬂ,u-) (a:f 9.-"3”)

) —
T (aa-gp,u-)(avg,ia) T (O,u gcxp)(aﬁgav)
1 (0490)(0950) ) v
g € V, such that a(g.v)+qg(g.v) = 0Yv eV,

and I' = 0.

2 57,2 2
(J[ — };UA) Ujp) = (J[ + 220 —l) w; — (J[ — };“—1) W;i_q




nonlinear Symmetric Interior

Penalty Discontinuous Galerkin
{u} = ((u

a(u,v) = ézs [ 977 /=3 (Ou) (Dgv)dba
=3 Zicj o {9 V=g ndOu} o]
ZE jff [ H o ]?"fijag’l'}(]:}'*

22 ;|£ Tee Je. {9“3””?3;F}[u][z*}dg

q(g.v) = lf\/l ga:j?}’m\f — ( (D09pu)(O39o1) = (Oadpu)(Dagpr)
+ (0 gp,u)(()rfgi )
)

E;) + (ulg;))/2 u] = (ulg;) — (ulg;)

+ (O,u- Jap ) ( 03 YJov )
_é ()Hgap 01}5’3 ) l'tw(fl;'l.‘ .
g € V, such that a(g.v)+qg(g.v) = 0Yv eV,
and I'* = 0. } by
. (X
| 0000
t

i-1

Arotivr; = Ao1uig-1 + Aoouig + Aotuiger — Ao X




Traveling wave 1+1

hoo = h11 = —ho

—<0hy,, = 0
d"hy,,, =0

periodic b.c., domain [0,1]

sin27w(xry — q)

max error
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gauge condition

linear wave in 1+1 dimensions

10
Mh, , =0
L,V -
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linear wave in 1+1 dimensions
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Traveling wave 2+1

}?-11 — }?-22 — (‘\/5— 1)}?-{]1 —%D}?ﬂp = 0
hor = hoa = hia = sin27w () + 19 — V215) hy,, =0

periodic b.c., domain [0,1]?

linear wave in 2+1 dimensions, FEM




guasi-uniform grid

linear wave in 2+1 dimensions, FEM

1:
quad tri1* 10 7
o3
10
,13
§ 10 E
tria* i3 5] b
% ]
] i
£
-23 >< quad
10 3 .
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_3E
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Gowdy universe

diag(—eM320)/2 - grotp gro—p  p(A=70)/2) ith
Jo(2me™)cos(2mas) and
—2mwe™ Jo(2me™) .y

(2me®)cos® (2mas) — 2mJo(27) 1 (27)
1m0 (R(2me) + J3(2me™0)) — b(2m(J3(2r) + J2(2m))

expanding Gowdy universe

polarized gravitational wave
expanding universe

start x0=1
periodic b.c., domain[0,1]
n=25,50,100,200
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Conclusion

e Space-time FEM, DG for 2nd order wave
eq.
e Unstructured space-time mesh criteria

e weak formulation, FEM, DG for gravity
(Einstein-Hilbert action)



